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Abstract. In this paper we obtain two new characterizations of completeness of a normed
space through the behaviour of its weakly unconditionally Cauchy series. We also prove
that barrelledness of a normed space X can be characterized through the behaviour of its
weakly-∗ unconditionally Cauchy series in X∗.
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1. Introduction
Let X be a real normed space and let σ =
∞∑
i=1
xi be a series in X . Let us recall that












is a weakly Cauchy sequence) for
every permutation   of  . It is well known that
∞∑
i=1




|x∗(xi)| < ∞, where X∗ is the dual space of X .




where (ai)i is a bounded sequence of real numbers. For instance, unconditionally







aixi is convergent for every bounded sequence (resp. for
every null sequence) (ai)i (Cf. [2], [3] and [4]). The Banach space of bounded se-
quences (resp. null sequences) of real numbers, endowed with the sup norm, will be
denoted, as usual, by ∞ (resp. c0).
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For any given series σ =
∞∑
i=1
xi inX , let us consider the setS = S (σ) (resp.Sw =
Sw(σ)) of sequences (ai)i ∈ l∞ such that
∞∑
i=1
aixi converges (resp. converges for the
weak topology). The set S (resp. Sw), endowed with the sup norm, will be called
the space of convergence (resp. weak convergence) of the series σ. Clearly S and
Sw are subspaces of ∞.




x = (xi)i∈  ∈ X  :
∞∑
i=1
aixi is convergent for every (ai)i∈  ∈ S
}
.






∥∥∥∥ : (ai)i∈  ∈ BS
}
,
where BS denotes the unit ball in S , and that if X is complete then X(S ) is
also complete. Some others properties of spaces X(S ) have been studied in [1], [6]
and [7].










i is ∗-weakly convergent will be denoted by S∗w(σ).
It is well known (see [2], [3] and [5]) that if X is a Banach space then:
1. There exists a wuC series in X which is convergent but which is not uncondi-
tionally convergent if and only if X has a copy of c0.
2. There exists in X a wuC and weakly convergent series which does not converge
if and only if X has a copy of c0.
3. There exists in X∗ a ∗-weakly unconditionally Cauchy (∗-wuC) series which is
not unconditionally convergent if and only if X∗ has a copy of ∞.
It is obvious that if X does not have a copy of c0 then the following conditions
are equivalent: 1) The series σ =
∞∑
i=1
xi is wuC. 2) The series σ is uc. 3) S (σ) =
Sw(σ) = ∞.
In this paper we characterize the completeness of X through the spaces S (σ) and
Sw(σ), where σ is a wuC series in X . We also characterize the barrelledness of a
normed space X through the spaces S∗w(σ), where σ is a ∗-wuC series in X∗.
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2. Completeness through convergent series
Let us recall that if X is a normed space then σ =
∞∑
i=1




αixi : n ∈  , |αi|  1, i ∈ {1, . . . , n}
}
is bounded.
Theorem 2.1. Let X be a Banach space and let σ =
∞∑
i=1
xi be a series in X . The
space S (σ) is complete if and only if σ is wuC.
 . Let us suppose that σ is wuC. Let E be the set defined by (2.1). Let us
























































∥∥∥ < ε. This
proves that S (σ) is complete.
It is obvious that if S (σ) is complete then σ is wuC. 
Theorem 2.2. Let X be a normed space. The space X is complete if and only
if for every weakly unconditionally Cauchy series σ =
∞∑
i=1
xi in X the space S (σ) is
complete.








zi be the series defined by z2i−1 = ixi, z2i = −ixi, for i ∈  . It is clear
that σ′ is wuC.




aizi does not converge we have that S (σ′) is not complete, although
σ′ is wuC. 
Our next result give us some information on the relationship between the spaces
S (σ) and S (σ′), when σ and σ′ are two different series in X . The natural frame-
works for this study are the spaces X(S ).
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Theorem 2.3. Let X be a Banach space. Let σ =
∞∑
i=1
xi be a wuC series in X
and let S = S (σ).
1. If (σn)n∈  is a sequence in X(S ) that converges to σ then
⋂
n∈ 
S (σn) = S (σ).
2. If σ0 ∈ X(S ) then the set {σ′ ∈ X(S ) : S (σ′) = S (σ0)} is open in X(S ).
 . 1. For n ∈  , we denote σn =
∞∑
i=1
xni . It is clear that S (σn) ⊇ S (σ).
Let us suppose that (ai)i∈  ∈
⋂
n∈ 
S (σn) and let ε > 0. Let n ∈   be such that



































2. It is clear that X(S (σ0)) is a closed subspace of X(S ). The first part of this
theorem proves that {σ′ ∈ X(S ) : S (σ′) = S (σ0)} is closed in X(S (σ0)). 
Remark 2.4. Let X be a Banach space and let σ =
∞∑
i=1
xi be a wuC series in X .
It is clear that S (σ) = c0 if and only if (xi)i∈  does not have any null subsequence.
In this case (xi)i∈  has a basic subsequence that is equivalent to the c0-base.
Therefore, if σ is wuC then S (σ) = S (σ′), for every subseries σ′ of σ, if and only
if either S (σ) = ∞ or S (σ) = c0.
Nevertheless, if σ1 and σ2 are two arbitrary wuC series in X , we do not know any
conditions on σ1 and σ2 that let us affirm that S (σ1) = S (σ2).
If X has a copy of c0 and F is a closed subspace of ∞ such that c0 ⊆ F , we do
not know if there exists a series σ in X such that S (σ) = F (if X does not have a
copy of c0 and F = ∞ the answer to this question is negative).
3. Completeness through weakly convergent series
It is well known that if a series converges in a Banach space X then this series




xi is not necessarily a weakly unconditionally Cauchy series. We
can ask, as in the second section, if the sets Sw(σ) may also be used to characterize
the completeness of a normed space X .
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Lemma 3.1. If X is a Banach space and σ =
∞∑
i=1
xi is a series in X , then σ is
wuC if and only if c0 ⊆ Sw(σ).
 . It is obvious that the condition is necessary. Let us suppose that c0 ⊆
Sw(σ) and let (ai)i be an arbitrary null sequence. The series
∞∑
i=1
aixi is weakly con-
vergent. Let (ik)k be an increasing sequence of positive integers and let us consider
the set M = {ik : k ∈  }. Let (bi)i be the sequence defined by bi = ai if i ∈ M ,






aikxik is weakly convergent. Therefore
∞∑
i=1
xi is wuC. 
Theorem 3.2. Let X be a Banach space and let σ =
∞∑
i=1
xi be a series in X . The
space Sw(σ) is complete if and only if σ is wuC.













∈ ∞ and let (zk)k






∗(xi) = x∗(zk), for every x∗ ∈ X∗.
Let E be the set defined by (2.1). There existsM > 0 such that ‖x‖  M , for every
x ∈ E. For any given ε > 0, there exists k0 ∈   such that
∥∥(a(k)i )i − (a
(0)
i )i
∥∥ < ε3M ,












































x∗(xi)  2ε3 , for every x∗ ∈ X∗ such that ‖x∗‖ = 1 and
m  1. There exists x∗0 ∈ X∗ such that
∥∥x∗0
∥∥ = 1 and






































On the other hand, for any given ε > 0, there exists k1 ∈   such that ‖zk−z0‖ < ε3 ,












∣∣∣  ε3 , for











































∣∣∣ < ε. This proves
the theorem. 
Lemma 3.3. LetX be a normed space. If σ =
∞∑
i=1
xi is an unconditionally Cauchy
series in X then S (σ) = Sw(σ).















→ x∗∗(x∗), for x∗ ∈ X∗. This proves that
x∗∗ = x and (ai)i ∈ S . 
Theorem 3.4. A normed space X is complete if and only if for every weakly
unconditionally Cauchy series σ =
∞∑
i=1
xi in X the space Sw(σ) is complete.
 . Let us suppose that X is not complete. We can find, as in the proof of
Theorem 2.2, an absolutely convergent series σ′ =
∞∑
i=1
zi that is wuC and such that
c0 ⊆ S (σ′); therefore S (σ′) is not complete. Since σ′ is an unconditionally Cauchy
series, by Lemma 3.3, we have that S (σ′) = Sw(σ′). 
4. Barrelledness through weak-∗ convergent series in X∗
The study that we have made in sections 2 and 3 can be extended, in a natural
way, to series in the dual space X∗ of X .
Theorem 4.1. Let X be a normed space and let ζ =
∞∑
i=1
x∗i be a series in X
∗.
Let us consider the following conditions:
1) ζ is wuC.
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∣∣ < +∞ for every x ∈ X .
We have that 1⇒ 2⇒ 3.




∗ if and only
if X is a barrelled normed space.
 . 1) ⇒ 2). If
∞∑
i=1














is a bounded sequence in X∗ that is a Cauchy sequence for the





i is weak-∗ convergent.
2)⇒ 3). For every x ∈ X , let us consider the series
∞∑
i=1











Let us suppose that X is a barrelled normed space and that
∞∑
i=1
x∗i is a series in






i : m ∈  , |αi|  1, i ∈ {1, . . . , m}
}
.
It is clear that E is pointwise bounded and, therefore, E is bounded for the norm




If X is not barrelled then there exists a weak-∗ bounded set F ⊆ X∗ which is not
bounded. For every i ∈  , there exists y∗i ∈ F such that
∥∥y∗i









∣∣ < +∞ for every x ∈ X . Nevertheless,










not a weakly unconditionally Cauchy series. This completes the proof. 
Remark 4.2. If X is a barrelled normed space, S∗w is complete if and only if
S∗w = ∞.
Remark 4.3. The proof of Theorem 4.1 shows that X is a barrelled normed
space if and only if in X∗ the set of weak unconditionally Cauchy series coincides
with the set of weak-∗ unconditionally Cauchy series.
Let us observe that if X is a Banach space, then there exists a weakly uncondi-
tionally Cauchy series in X∗ which is not unconditionally convergent if and only if
X∗ has a copy of ∞.
895
References
[1] A. Aizpuru and F. J. Pérez-Fernández: Spaces of S -bounded multiplier convergent se-
ries. Acta Math. Hungar. 87 (2000), 103–114.
[2] C. Bessaga and A. Pelczynski: On bases and unconditional convergence of series in
Banach spaces. Stud. Math. 17 (1958), 151–164.
[3] J. Diestel: Sequences and Series in Banach Spaces. Springer-Verlag, New York, 1984.
[4] V.M. Kadets and M. I. Kadets: Rearrangements of Series in Banach Spaces. Translations
of Mathematical Monographs. 86. Amer. Math. Soc., Providence, 1991.
[5] C.W. McArthur: On relationships amongst certain spaces of sequences in an arbitrary
Banach space. Canad. J. Math. 8 (1956), 192–197.
[6] Q. Bu and C. Wu: Unconditionally convergent series of operators on Banach spaces. J.
Math. Anal. Appl. 207 (1997), 291–299.
[7] R. Li and Q. Bu: Locally convex spaces containing no copy of c0. J. Math. Anal. Appl.
172 (1993), 205–211.
Authors’ addresses: Departamento de Matemáticas. Universidad de Cádiz, P.O.Box 40,
11510-Puerto Real, Cádiz, Spain, e-mails:javier.perez@uca.es, quico.benitez@uca.es,
antonio.aizpuru@uca.es.
896
